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Abstract
Let f : V → W be a finite polynomial mapping of algebraic subsets V,W of kn and km , respectively, with n ≤ m. It is
known that f can be extended to a finite polynomial mapping F : kn → km . Moreover, it is known that, if V,W are smooth of
dimension k, 4k + 2 ≤ n = m, and f is dominated on every component (without vertical components) then there exists a finite
polynomial extension F : kn → kn such that gdeg F ≤ (gdeg f )2k+1, where gdeg h means the number of points in the generic
fiber of h. In this note we improve this result. Namely we show that there exists a finite polynomial extension F : kn → kn such
that gdeg F ≤ (gdeg f )k+1.
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1. Introduction
Let k be an algebraically closed field of characteristic zero, V,W be algebraic subsets of kn,km, respectively, with
n ≤ m, and let f : V → W be a finite mapping. It was proved in [10] that there is a finite mapping F : kn → km
such that F |V = f . Since for any finite mapping h the number of points in the “generic fiber” (called the geometric
degree of h and denoted gdeg h) is finite then there arises the natural question concerning a relation between gdeg F
and gdeg f . The purpose of this note is to prove the following theorem.
Theorem 1.1. Let V,W ⊂ Cn be smooth algebraic sets, and let f : V → W be a finite dominating mapping that
is dominating on every irreducible component. If dim V = dimW = k and 4k + 2 ≤ n, then there exists a finite
mapping F : Cn → Cn such that F |V = f and
gdeg F ≤ (gdeg f )k+1.
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Other examples of relations between gdeg f and min{gdeg F | F is a finite extension of f } are established in
papers [4–8]. In particular, in [7] a similar result, as Theorem 1.1, was proved with the weaker estimate gdeg F ≤
(gdeg f )2k+1. In what follows we will work with the complex number field C, but the results are also valid over an
arbitrary algebraically closed field of characteristic zero.
2. Some useful results
Let us recall that a polynomial mapping f : V → W is called dominating on an irreducible component V ′ ⊂ V
if f (V ′) is an irreducible component of the set W (see [7]). One can also think that the mapping f is without vertical
components.
The first result that we need is the following one.
Theorem 2.1 ([7], Thm 3.6). Let V ⊂ Ck×Cn be an algebraic set, and let pi : V → 0×Cn be the natural projection.
If pi : V → pi(V ) is finite and dominating on every component, and pi(V ) is normal, then there exists a finite mapping
Π : Ck × Cn → Ck × Cn such that Π |V = pi and:
gdegΠ ≤ (gdegpi)k .
We will also use some results concerning embeddings. First of all recall that a polynomial mapping f : V → Cn
is called an embedding if f (V ) = f (V ) and f is an isomorphism on its image.
Lemma 2.2 (E.g. [1]). If X ⊂ Cn is a closed algebraic smooth set, dim X = k and n > 2k + 1, then we can change
the coordinates in such a way that the projection
φ : X 3 (x, y) 7→ (0, y) ∈ 0× C2k+1,
is an embedding.
Theorem 2.3 (E.g. [2,3] or [9]). Let X ⊂ Cn be a closed algebraic set which is smooth (not necessarily irreducible)
of dimension (not necessarily pure) k. Let φ : X → Cn be an embedding. If n > 2k + 1 then there exists an
isomorphism Φ : Cn → Cn such that
Φ|X = φ.
3. Embeddings of projections
The goal of this section is to prove Proposition 3.3 and Corollary 3.4. We start with the following obvious lemma.
Lemma 3.1. Let f : X → Y be a finite mapping of irreducible algebraic sets of dimension r. Then there is a point
x ∈ X such that
rank dx f ≥ r.
Lemma 3.2. Let X ⊂ Cn be a smooth, irreducible algebraic set of dimension k. If f : X → Cm is a finite mapping,
then
dimKer f ≤ k,
where Ker f = {(x, v) ∈ Cn × Cn | x ∈ X, v ∈ ker dx f } .
Proof. Let us write Xr = {x ∈ X | rankdx f ≤ r}, for r = 0, . . . , k and X−1 = ∅, and Kr = {(x, v) ∈ Cn
× Cn | x ∈ Xr \ Xr−1, v ∈ ker dx f } for r = 0, . . . , k. It is easy to see that Ker f ⊂ Kk ∪ Kk−1 ∪ . . . ∪ K0.
Thus
dimKer f ≤ max {dim Kr | r = 0, 1, . . . , k} .
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Because X is smooth then for every point x ∈ Xr \ Xr−1 we have dim ker dx f = k − rankdx f = k − r . Let Z
be an irreducible component of Xr . Since f |Z : Z → f (Z) is finite and dim Z = dim f (Z), then by Lemma 3.1
dim Z ≤ r . Thus
dim Kr = dim Kr = dim Xr + (k − r) ≤ k. 
Proposition 3.3. Let V ⊂ Cn × Cm be a smooth, closed algebraic subset of dimension k. Moreover, assume that the
projection pi : V 3 (x, y) 7→ (0, y) ∈ 0×Cm is finite. If n > k + 1, then there is a linear projection ϕ : Cn → Cn−1
such that ϕ × idCm |V : V → Cn−1 × Cm is an embedding.
Proof. Consider the following algebraic set:
Ξ = {(v1, v2, t) | pi(v1) = pi(v2), v1, v2 ∈ V, t ∈ C} ⊂ (Cn × Cm)2 × C
and the mapping
ψ : Ξ 3 ((x1, y1), (x2, y2), t) 7→ t x1 + (1− t)x2 ∈ Cn .
Since for all points y ∈ pi(V ), dimpi−1(y) = 0 (because pi is finite), we have dimΞ = k + 1. Thus dim Z ≤ k + 1,
where Z = ψ(Ξ ) (the bar means the Zariski closure).
By Lemma 3.2 the set K = {v ∈ Cn | (x, v) ∈ Kerpi for some x} is of dimension not greater then k. Consider also
the mapping p : V 3 (x, y) 7→ (x, 0) ∈ Cn × 0 and the set V˜ = p(V ). Since n > k + 1 ≥ dim Z , k ≥ dim V˜ , and
k ≥ dim K , there is a 1-dimensional linear subspace L ⊂ Cn (i.e. line through the origin) such that L and Z ∪ V˜ ∪ K
have no common points at infinity. Now the projection piL : Cn × Cm → Cn−1 × Cm , given by the line L × 0, is
injective when restricted to V . Since K is a cone and L has no common points with K at infinity, then L ∩ K = {0}.
This implies that (L × 0) ∩ TpV = (L × 0) ∩ ((Cn × 0) ∩ TpV ) = (L × 0) ∩ ker dppi = {0} for all points p ∈ V .
Since pi is finite on V , it follows that piL must be so as well, as pi factors through piL . Now piL is finite, injective with
injective tangent map, hence an embedding. Of course piL is of the desired form. 
Corollary 3.4. Let V ⊂ Cn × Cm be a smooth, closed algebraic subset of dimension k. Moreover, assume that the
projection pi : V 3 (x, y) 7→ (0, y) ∈ 0×Cm is finite. If n > k + 1, then there is a linear projection ϕ : Cn → Ck+1
such that ϕ × idCm |V : V → Ck+1 × Cm is an embedding.
Proof. By Proposition 3.3 there is ϕ1 : Cn → Cn−1 such that (ϕ1 × idCm ) |V is an embedding. If n − 1 = k + 1 then
we are done. Thus we can assume that n − 1 > k + 1. Consider the set V1 = (ϕ1 × idCm ) (V ) and the projection
pi1 : V1 3 ((x2, . . . , xn), y) 7→ (0, y) ∈ 0 × Cm . Obviously we have pi = pi1 ◦ (ϕ1 × idCm ) |V and then pi1 is finite.
Since V1 is smooth of dimension k, the result then follows by induction. 
4. Proof of the main result
Now we are in a position to prove Theorem 1.1.
By Lemma 2.2 we can assume that the projections ϕ1 : V → C2k+1 × 0 and ϕ2 : W → 0 × Cn−2k−1 are
embeddings. For V˜ = ϕ1(V ), W˜ = ϕ2(W ) we have that the mapping f˜ = ϕ2 ◦ f ◦ ϕ−11 : V˜ → W˜ is finite with
gdeg f˜ = gdeg f.
Because V˜ ⊂ C2k+1× 0, W˜ ⊂ 0×Cn−2k−1, we can consider the sets V˜ and W˜ as subsets of C2k+1 and Cn−2k−1,
respectively, and so we can consider the isomorphism ψ : V˜ 3 x 7→ (x, f˜ (x)) ∈ Vˆ ⊂ C2k+1 × Cn−2k−1, where
Vˆ = ψ(V˜ ), and the projection pi : Vˆ 3 (x, y) 7→ (0, y) ∈ 0× Cn−2k−1. Since f˜ = pi ◦ ψ and ψ is an isomorphism,
pi is finite and gdegpi = gdeg f˜ = gdeg f.
Since Vˆ = ψ(ϕ1(V )) is smooth then by Corollary 3.4 applied to the mapping pi : Vˆ → 0 × Cn−2k−1, there is a
projection ϕ : C2k+1 → 0× Ck+1 such that ϕ × idCn−2k−1 : C2k+1 × Cn−2k−1 →
(
0× Ck+1)× Cn−2k−1 restricted
to the set Vˆ is an embedding. Let us write ϕ˜ for the mapping
(
ϕ × idCn−2k−1
) |Vˆ . Then for the set V2 = ϕ˜(Vˆ ) ⊂(
0× Ck+1) × Cn−2k−1 and the mapping pi2 : V2 3 (x, y) 7→ (0, y) ∈ 0 × Cn−2k−1 we have pi = pi2 ◦ ϕ˜, pi2
is finite and gdegpi2 = gdegpi . Since pi2(V2) = W˜ is smooth then by Theorem 2.1 there is a finite mapping
Π2 : Ck+1 × Cn−2k−1 → Ck+1 × Cn−2k−1 such that Π2|V2 = pi2 and gdegΠ2 ≤ (gdegpi2)k+1 = (gdeg f )k+1 .
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By Theorem 2.3 applied to the mappings ψ : V˜ → Vˆ , ϕ1 : V → V˜ , ϕ2 : W → W˜ and ϕ˜ : V̂ → V2, there exist
isomorphisms Ψ ,Φ1,Φ2, Φ˜ : Cn → Cn such that Ψ |V˜ = ψ,Φ1|V = ϕ1,Φ2|W = ϕ2 and Φ˜|Vˆ = ϕ˜.
Putting F = Φ−12 ◦
(
idCk ×Π2
)◦Φ˜ ◦Ψ ◦Φ1 we have a finite extension of f such that gdeg F ≤ (gdeg f )k+1. 
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